We propose the new construction of complex surfaces with h 1,0 = h 2,0 = 0 from smoothings of normal crossing surfaces with noncollapsible dual complexes and carry it out for the simplest case of the duncehat complex, obtaining the surface with h 1,1 = 9 (presumably Barlow surface).
Introduction
Let X t be a family of complex surfaces with smooth total space and smooth general fibers, and X 0 = X = n i=1 X i be a normal crossing surface. Suppose also that normalization of components X i are rational surfaces, and their intersection curves are also rational.
Let us denote by V the set of X i 's, by E the set of (normalized) intersection curves (irreducible components of either X i ∩ X j or Sing(X i )), by T the set of triple points.
The complex being collapsible is much stronger than being contractible. There are many examples known in geometric topology, simplest ones being dunce hat and Bing's house with two rooms. Suppose the general fiber X t is rational. Then, ∆ X is collapsible.
In [2] it is stated that the authors do not know any examples of noncollapsible yet contractible dual complexes. The main point of this paper is constructing such an example from a dunce hat complex. We use, essentially, smoothing techniques from [3] and [7] .
We also believe it is very natural to consider such an examples: they are automatically surfaces of general type with h 1,0 = h 2,0 = 0, and while author didn't manage to prove that they are simply connected, the fundamental group probably can be analyzed too, and search of such surfaces is a longstanding problem.
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Recollection on smoothing
The question on the possibility of smoothing of the normal crossing variety, we believe, starts with the work of Friedman [3] . He introduced the following notion: 
For normal crossing varieties this identification works locally. Hence, T 1 X is always a line bundle over the set Sing(X). For a surface, the restriction of T 1 X on the component C = X i ∩ X j can be identified with N C,X i ⊗ N C,X j ( k p ijk ), where p ijk ∈ T , vanishing of the c 1 of this line bundle is known as "triple points formula".
The d-semistability is not sufficient for guaranteeing the existence of the smoothing. The corresponding obstruction is governed by log deformations theory. The source we are using is the paper of Kawamata and Namikawa [7] (it is not written in the modern language of log schemes, but has an advantage of being in the analytic category and is fine for our purposes). Definition 2.3 (Kawamata-Namikawa). The log atlas on a normal crossing variety X of dimension n−1 is a collection of charts {U i } on the singular locus Sing(X) together with holomorphic coordinate functions u i 1 , ...u i n , such that U i is identified to the open subset of the variety given in C n by equations u i s 1 · ... · u i s k = 0 for some subset {s 1 ...s k } ∈ {1...n}, and choice of permutations σ ij and holomorphic functions z ij
(the choice of z's is non-unique due to both functions sometimes vanishing on some irreducible components, yet unique on a singular locus). It is required that k z ij k = 1. Two log atlases are called equivalent if their union is a log atlas. The classes of equivalence of log atlases are called semistable log structures.
Terminological note -in the modern language, these objects should probably be called semistable morphisms but we are going to use terminology from [7] . Proof. This proposition is implicitly contained already in Friedman's work. While we won't reproduce the full proof here, we sketch one of the directions, needed further:
being d-semistable means the triviality of the line bundle i I X i /I X i I Sing(X) on a singular locus. The collections of u k i define such trivializations on U k .
Semistable log structure could be thought about as "zero-order" smoothing deformation of X. In particular, it allows one to define logarithmic differential forms and logarithmic tangent bundle.
Definition 2.5. The bundle of logarithmic vector fields T X (log) is defined as follows. The logarithmic vector field v is a vector field on X which preserves the semistable log structure (i.e. its flow moves atlas to an equivalent one). In the concrete terms it means that 1 Definition 2.6. Logarithmic deformation of X is a deformation family X t endowed with the atlas over the Sing(X 0 ) such that u k 1 · ... · u k n = t and its restriction on X 0 defines the semistable log-structure of X. Claim 2.7 (logarithmic deformation theory). The obstructions to the log deformation of X lie in H 2 (X, T X (log)). The thickenings from order k deformations to order k + 1 deformations form a torsor overs H 1 (X, T X (log)).
Note 2.8. Contrary to the deformation theory of smooth manifolds, it doesn't seem to be enough to guarantee that h 1 (X, T X (log)) > h 2 (X, T X (log)) -the problem being the obstruction to the first thickening.
We are now ready to present the main example of our consideration.
Example

Construct.
Definition 3.1. We will call the collection of X i 's with the preimages of intersection curves C ij and gluing maps φ ij : C ij → C ji the construct. The dual complex should be thought as the assembly instructions for this construct. We also remark that the curves C ij correspond to the half-edges of the dual complex, and dual graph of the collection of curves C ij on X i corresponds to the link of the vertex X i ∈ V . The construct can also be considered for the non simple normal crossing (curves still should correspond to half-edges of the dual complex). First construct. Let us consider a pair of nodal cubics on P 2 in general position, and blow up 8 points of their intersection. Also, blow up 1 more point on the second cubic (it will force triple point formula). Let us set X 1 to be this P 2 blown up in nine points, and normalizations of proper preimages of these cubics as C 1 and C 2 . Let us denote by p 1 , p 2 ∈ C 1 the preimages of the node of the first cubic, q 1 , q 2 ∈ C 2 preimages of the node on the second cubic, p 3 ∈ C 1 , q 3 ∈ C 2 the preimages of their only remaining intersection point. Let us set the gluing map φ : C 1 → C 2 by the images of 3 points: Proof. It is more or less direct inspection to see that the resulting variety is normal crossing. It is also easy to see that triple point formula is satisfied. The only question remaining is the orientation of edges, which is defined from the cyclic orientation on the edges of the triple point. The following picture illustrates the situation around the triple point: 1
This construction, while quite natural, has various flaws. While it is easy to calculate various invariants from it, it is not clear how to guarantee dsemistability. The construct has 9 parameters (8 coming from the relative positions of nodal cubics and 1 coming from the position of additional blow up point). The T 1 X bundle is a topologically trivial line bundle on a Sing(X), which is a rational curve with one triple self-intersection point. Moduli space of such bundles is (C * ) 2 , so naively one would expect to be able to force dsemistability by deforming the construct. However, it is not clear how to actually prove it.
We circumvent this problem by coming up with another construct, corresponding to the more subdivided triangulation of duncehat. We came up with this subdivision ad hoc by extensive search of combinatorial possibilities. We (while assuming the answer is actually yes) do not know whether it is possible to see this refined construct from original one (neither do we have a general construction for birational transformation which barycentrically subdivides the dual complex). 1 The picture below shows the orthant of the 3-dimensional space projected on a plane from the (1, 1, 1) direction. Each of the three rays drawn has 2 marks on the picture, one on each side of it. Counterclockwise, starting from the clockwise side of one of the rays, they read p1, q2, q1, p3, q3, p2.
The second construct. The picture below illustrates the combinatorics of the second construct. The markings on the half edges correspond to the self-intersections of the corresponding curves. Note that any edge which has 2 attached triangles has the sum of the self-intersection numbers −2, and edges which have 3 attached triangles have the sum −3, so the triple point
The picture shows a triangle (v1v2v3) with additional vertices: c in a center of the triangle and z12, z23, z13 in a centers of the corresponding edges. There are also additional edges (cv1), (cv3), (cz12), (cz23), (cz13), (z12z23). The outer edges have the markings denoting that (v1z12), (v2z23), (v1z13) are glued together, and the same is for (z12, v2), (z23, v3), (z13, v3). The half-edges also have number marking on them: outer edge (v1z12) is marked as −3, 0, outer edge (z12v2) is marked as −2, −1, other outer edges are marked according to the gluing. Inner edge cz13 is marked −2, 0, inner edge (cv3) is marked 0, −2, and the rest are marked −1, −1.
Here is also a picture of the links of the vertices. Numbers in the vertices are self-intersections of the corresponding curves. 3
The self-intersections above are not arbitrary: one needs to actually find the rational surface with the corresponding configuration of curves -which is more or less the main combinatorial difficulty. Note also that this construction is very tight (it seems to be almost on a border of what's possible, at least from our experiments).
The first link is the most elaborate. Consider a pair of nodal cubics Z 1 , Z 2 on P 2 , with Z 2 passing through the node of Z 1 . Blow up both the nodes and add the exceptional curves to the collection. Blow up all other 7 points of intersection.
The second one is obtained as follows: take P 1 ×P 1 with three vertical and two horizontal lines. Blow up two points of intersection on one horizontal line. Take the whole collection (including exceptional divisors).
The third one can be obtained as follows: consider P 1 × P 1 with two vertical and two horizontal lines. Blow up one point of intersection, add the exceptional divisor to the collection. Blow up two more points on the horizontal line not going through the center of the previous blow-up.
The gluing mappings are now not unique -for all the inner edges there is a C * -parametrized family of possible gluings. We are now in a position to force the d-semistability by a method similar to the one Friedman used for K3 surfaces.
3.2.
Guaranteeing d-semistability. Let us encode the topologically trivial line bundles on a singular curve Sing(X) by the following data. For every triple point p lets consider the local trivializing section γ p . For each component l we have the collection of relations n p,q,l = γp γq . They are also can chosen in such a way that n p,q,l are constant functions.
For (T 1 X ) * one can take the sections γ i = u i 1 ⊗ u i 2 ⊗ u i 3 as these local sections (and chose them in such a way that z ij 1 · z ij 2 · z ij 3 are all constants functions.) Lemma 3.4. Assume the component C = X 1 ∩ X 2 of Sing(X) has exactly two triple points i and j. Then, by changing the gluing along this C ("sliding along C * "), one can change n i,j,C arbitrarily without changing any other n's.
Proof. This is the lemma 5.14 from [3] .
Theorem 3.5. The gluing data for the second construct can be chosen in such a way that the resulting variety is semistable.
Proof. According to the previous lemma, we have full control over the gluing along the curves corresponding to the interior edges of the complex ∆ X . The rest of the diagram of 1-dimensional vector spaces forms a tree: each outer edge is connected with three triangles, and only one of these is shared between two outer edges (triangle (z 12 v 2 z 23 )). Hence, we can choose the trivializations on the curves corresponding to (z 12 v 2 ) and (v 2 z 23 ) to accord on the triple point corresponding to this triangle, and then force d-semistability by changing all other gluing data according to the previous lemma. Note 3.6. This method seems to be very general -it would work for any complex if subdivided enough. That makes the perspectives of finding the universal way of constructing deep subdivisions of the dual complex at least questionable (because it would imply the existence of a d-semistable representative in the deformation class of any construct).
3.3.
Smoothing. Now, we proceed to show that H 2 (X, T X (log)) = 0 for a general position of our second construct. To do so we will construct the resolution of this sheaf and then use usual deformation theory to interpret its terms.
Let us denote by D ∈ X i the divisor of intersection curves, and by T X i (D) the sheaf of vector fields on X i which preserve D. Then, H * (T X i (D)) controls the deformations of the pair (X i , D) in the sense of usual deformation theory. Proof. The strategy of our proof is backwards -we just describe the moduli space of a pair directly in geometric terms and then see that it is reduced and has the expected dimension (−χ(T X i + k (D 2 k +1))). Then, specializing to a smooth point we get the desired statement.
For the X c , there is a 1-dimensional family of deformations corresponding to the moduli of the pair of blow-ups, and also a 1-parametric family of automorphisms (coming from the toric action on P 1 × P 1 ). Blow up lowers Euler characteristic of the tangent bundle by 2, so the expected dimension is −(6 − 3 · 2) + 1 − 1 + 0 + 0 + 0 = 0. Hence, in a smooth point of the moduli space of X c we obtain h 0 (X c , T Xc (D)) = h 1 (X c , T Xc (D)) = 1, and the Euler characteristic (expected dimension) is 0, which leaves no space for h 2 .
For X z , the same calculation applies: it is P 1 ×P 1 , blown up in two points. There is no possible deformations of the construction and still a 1-parametric family of automorphisms. The expected dimension equals −(6 − 2 · 2) + 1 + 1 + 0 + 0 + 0 + −1 = −1, which proves h 2 = 0 with the same argument.
For X v , it is P 2 , blown up in 9 points. The construction has no automorphisms, and has 7 parameters (two nodal cubics have 16 parameters, there is 8 parameters killed by automorphisms of P 2 and there is a codimension 1 relation that one of the cubics passes through the node of the other. This relation is also reduced, and the action of automorphisms of P 2 is free for the general point of the configuration space, hence the moduli space is reduced). The expected dimension agrees: −(8 − 2 · 9) + 0 + (−2) + (−1) + 0 = 7, and the same argument applies. Now, let us consider the sheaf T X on X. Its cohomologies control locally trivial deformations of the construct. By abuse of notation we will denote the direct images of T X i inside X as T X i . Then, the sheaf T X admits the following resolution:
Applying the long exact sequence, we obtain that h 2 of this sheaf vanishes, too. Moreover, the description of deformations of the construct has evident geometric sense:
First of all, H 1 (X, C∈E T C (− p∈T,C p)) = 0, because all our curves are rational and have no more than 3 triple points, hence these line bundles are of degree at least −1. It also makes sense from the deformation point of view: if there would be more than three points triple points, the it wouldn't be always possible to glue a construct from its components, and H 2 would control this (infinitesimal) obstruction.
The remaining arrows in this diagram have straightforward geometric interpretation, too. From right to left:
• deformations of the construct yield deformations of its components, this map is surjective • deformations which do not change the components are controlled by the changes in the gluing data • not all changes in the gluing data are non-trivial -some correspond to the automorphisms of the components Theorem 3.8. For the second construct and d-semistable gluing data, H 2 (T X (log)) = 0.
Proof. Consider the following exact sequence:
This exact sequence happens to also have a very nice and useful geometric interpretation. Namely, log-structure is a section of the sheaf i I X i /I X i I Sing(X) , logarithmic fields are the fields that preserve this section. The second map describes the natural action of the flow of the vector fields on this section (v → Lv(s) s ). Note, that while this map depends on the section, the linear change s → λs would not change the map. So, it is possible to define this mapping even in the absence of the log-structure (because the sheaf i I X i /I X i I Sing(X) is trivial on each component, there exists a well defined section up to a constant). Now, armed with this interpretation, we see that the induced map on the first cohomology correspond to the map from the infinitesimal deformations of the construct to the infinitesimal deformations of the obstruction sheaf End 1 Sing(X) ( i I X i /I X i I Sing(X) ) = H 1 (O Sing(X) ) (concretely, for the first Cech cocyle of the tangent bundle we will obtain the section of O Sing which measures the logarithmic derivative of the change in the gluing cocycle of i I X i /I X i I Sing(X) ).
That means that we already have the surjectivity of the map on the first cohomology by construction -it is exactly the infinitesimal version of the surjectivity of the map from the moduli of the construct to the moduli of the obstruction bundle. This, in turn, together with the previous lemma, forces H 2 (T X (log)) = 0. Note 3.9. We strongly believe that this notion (surjectivity of the map from the moduli space of construct to the moduli of the obstruction bundles) is in a sense better than d-semistability, or is an "extended" d-semistability.
Prospects and some calculations
After proving that this surface is indeed smoothable, we can ask a few questions on some numerical invariants of this (smoothed) surface -obviously, the author knew these before actually proving it is smoothable, but the exposition turned out to not need these calculations. In this section to lower the amount of indices a bit, let us denote the smoothed surface asX First of all, let us calculate χ(T X (log)) = χ(TX ). The exact sequences above give the answer:
One can also easily calculate the topological Euler characteristic ofX (and hence its Hodge numbers). It is equal to the Euler characteristic of the smooth part of X. Direct calculation shows that χ(X) = 2 + 0 + (3 + 9 − 4 · 2 + 5) = 11
Note 4.1. The calculations for the first construct formally give the same answers.
On the basis of these calculations the author suspects thatX lies in a deformation class of the Barlow surface. Probably the cheapest way of doing this would be just constructing this degeneration. Saying anything useful about the fundamental group ofX (say, proving that it is 0) sounds like a more reasonable challenge. Now we would like to discuss the meaning of these results and possible ramifications. First of all, the methods discussed above are quite general. They would work for any complex which has not more than three triangles meeting at each edge and subdivided enough. However, there is an infinite amount of non-collapsible complexes (even up to non-increasing dimension extension-collapse equivalence) and even bigger amount of complexes with point-like rational cohomology. Yet, there is only finite amount of deformation classes of surfaces of general type with h 1,0 = h 2,0 = 0. The discrepancy might have two sources. The first one is plain and simple -some complexes might not model any construct. Definition 4.2. Combinatorial construct is a simplicial complex with numbers on n ij on half edges, such that for any vertex x the matrix of incidence of the link of x with diagonal entries n xi has positive index of inertia at most 1. This is clearly a needed restriction due to Hodge's index theorem. However, we have no idea whether this data is enough to build an actual construct (and if there even exists a simple combinatorial criterion for the graph of intersections of curves to be representable on a rational surface).
However, even this naive combimatorial restriction might significantly lower the space of possibilities. For example, the only 2-dimensional surfaces admitting the structure of combinatorial construct are S 2 , RP 2 , T 2 . The proof (we learned it from [8] ) can be derived from the fact that the structure of combinatorial construct will actually determine the integral-affine structure on the surface with positively charged singularities, and then just application of integral version of Gauss-Bonnet theorem.
Hope/Wish. Possibly, there is some notion of "integral" positive curvature which makes sense for complexes (determined either in terms of combinatorial construct or maybe some kind of tropical refinement of this notion), which cuts only a finite amount of complexes.
Yet, there is another possible source of discrepancy between the amount of surfaces of general type and amount of complexes. Namely, two entirely different (not expansion-collapse equivalent) complexes could very well be the degenerations of the same surface. The hope of circumventing this problem by "going around the boundary of the moduli space and making some elementary rearrangements" is too naive to work -even for curves there is Ezra Getzler's relation which does not amount to the elementary homotopy equivalence on the dual complex. However, author still keeps maybe even more naive hope that it is possible to somehow capture more information from this complex than just the holomorphic part of the algebra of cohomology. We would imagine some mix between the theory of elementary collapses and theory of rational homotopy type, say, one could come up with the notion of elementary collapse of dg-algebra, stricter than quasi-isomorphism.
The other directly approachable question in this regard would probably be understanding something about the fundamental group.
There is also the following (probably technical and annoying) thing: suppose we are given non d-semistable construct, yet can prove that the map from its deformations to the deformations of the obstruction bundle is infinitesimally surjective. One would expect that then it is possible to deform the construct to a d-semistable one, yet various compactification questions arise. One would like to have this kind of result, because this line of reasoning is very natural -for example, one could prove smoothability directly for the first construct without going through the pain of combinatorial search.
For some examples such subdivision could be even not possible.
